Consider n i.i.d. random vectors on R 2 , with unknown, common distribution function F . Under a sharpening of the extreme value condition on F , we derive a weighted approximation of the corresponding tail copula process. Then we construct a test to check whether the extreme value condition holds by comparing two estimators of the limiting extreme value distribution, one obtained from the tail copula process and the other obtained by first estimating the spectral measure which is then used as a building block for the limiting extreme value distribution. We derive the limiting distribution of the test statistic from the aforementioned weighted approximation. This limiting distribution contains unknown functional parameters. Therefore, we show that a version with estimated parameters converges weakly to the true limiting distribution. Based on this result, the finite sample properties of our testing procedure are investigated through a simulation study. A real data application is also presented.
1. Introduction.
1.1. The extreme value model and its use. Let (X, Y ), (X 1 , Y 1 ), . . . , (X n , Y n ) be i.i.d. random vectors with continuous distribution function (d.f.) F . Suppose that there exist norming constants a n , c n > 0 and b n , d n ∈ R such that the sequence of d.f.'s with aA := {(ax, ay) : (x, y) ∈ A}. Also, (1.1) implies lim t↓0 t −1 P ((1 − F 1 (X), 1 − F 2 (Y )) ∈ tA) = Λ(A) (1.6) for any Borel set A, provided Λ(∂A) = 0, where F 1 (x) := F (x, ∞) and F 2 (y) := F (∞, y). See, for example, [2] .
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The bivariate extreme value framework is the appropriate one when one wants to estimate the probability of an extreme set, that is, a set outside the range of even the largest observations. Take a > 0 small. Since by (1.5) and (1.6), for small t,
we can estimate the probability of tA-outside the range of the observationsasymptotically by estimating the probability of the pulled back set taA using the empirical measure. See [3] . Condition (1.1) is fulfilled for many standard distributions but not for all distributions. Hence, before using this framework to estimate probabilities of extreme sets, it is important to check whether (1.1) is a reasonable assumption for the data set at hand. And one wants to do this beforehand, without specifying the exact structure of the limiting distribution. where R X i is the rank of X i among X 1 , X 2 , . . . , X n and R Y i is the rank of Y i among Y 1 , Y 2 , . . . , Y n , where k = k(n) is an intermediate sequence of integers, that is, k → ∞, k/n → 0, as n → ∞. Similarly, a nonparametric estimator for l, suggested by the limit relation (1.8) , is ( [9] ; see also [6] ) 1.3. The test. A promising approach to testing whether the null hypothesis (1.8) holds seems to be to see if the two estimatorsl 1 andl 2 for l, that have a different background, are not too different. The estimatorl 2 is a natural one mimicking more or less the tail of the distribution itself. But this estimator does not necessarily satisfy condition 2 of (1.4). On the other hand,l 1 does satisfy condition 2 of (1.4), but the estimator itself is of a somewhat more complicated nature.
The proposed test statistic is of the Anderson-Darling type:
for certain β ≥ 0. The test statistic is similar to those used for testing a parametric null hypothesis (like testing for normality), where the empirical distribution function is compared with the true distribution function with estimated parameters. Here, however, the estimated parameter Φ is a function (and we only deal with the tail of the distribution). Also, note that our methods allow us to deal with test statistics other than L n as well.
It is not difficult to see that if relation (1.8) is true, the statistic L n tends to zero in probability as n → ∞. We shall establish the asymptotic distribution of kL n as n → ∞ under (1.1) and some extra conditions stemming from [9] and [8] , thus providing a basis for applying a test. The hypothesis to be tested is (1.8) . For the asymptotic normality of the test statistic kL n , under H 0 , extra conditions are needed. See Remark 2.2 below.
Note that this test checks whether the dependence structure satisfies (1.8) and not if the marginals F 1 , F 2 are of the right type. It is only based on the relative positions (ranks) of the data and completely independent of the marginal distributions for which tests have been developed already in [5] and [4] .
1.4. Use of test. As mentioned before, the test statistic kL n can be used for a preliminary test of the extreme value model (1.1) before one uses the model in applications. Note that the test statistic kL n is based on observations for which at least one component exceeds a certain threshold. Since the estimators depend on this threshold, one can plot kL n as a function of k. This plot can be used as an exploratory tool for determining from which threshold on the two estimatorsl 1 andl 2 are close to each other, suggesting that the approximations (1.7) and (1.8) can be trusted, and, hence, yields a heuristic procedure for determining k. So this is a second use of the test statistic kL n . See also [14] , Section 5.4, and [1].
1.5. Outline of the paper. The weak convergence of kL n is stated in Theorem 2.3. For the proof of this theorem, the known asymptotic normality result forΦ [8] is sufficient but not the known one forl 2 [9] . Hence, as a preliminary but important result, we first develop a Gaussian approximation for the weighted tail copula process on
thus extending significantly the result of [9] , where η = 0. This result is stated in Theorem 2.2. The proofs are given in Section 3.
The limiting random variable in Theorem 2.3 is determined as an integral of a combination of Gaussian processes. They are parametrized by functions which can be estimated consistently. In Section 4 it is proved that the probability distribution of the limiting random variable with these functions estimated converges to the distribution of the limiting random variable with these functions equal to the actual ones, which makes the procedure applicable in practice. In Section 5 simulation results and an application to real data are reported. Define the sets C θ by
Assume that the measure Λ has a density λ. The process Z on [0, π/2] is defined by
where W 1 , W 2 are the marginal processes defined by Clearly, both processes are standard Wiener processes. Define, for x, y > 0,
For convenient presentation and convenient application, the next two theorems are presented in an approximation setting (with all the processes involved defined on one probability space), via the Skorohod construction. So in these theorems,l 1 ,l 2 and the limiting processes A and B (defined below) are only equal in distribution to the original ones, but we do not add the usual tildes to the notation. Theorem 2.1. Assume that condition ( 1.6) and Conditions 1 and 2 of [8] hold, and that Λ has a continuous density
as n → ∞, where
. . , n. Let C(x, y) be the distribution function of (U i , V i ). By (1.6) and (2.2), we have
We assume, as in [9] , that, for some α > 0,
uniformly for x ∨ y ≤ 1, x, y ≥ 0. Theorem 2.2. Assume that conditions ( 1.6) and ( 2.5) hold and that k = o(n 2α/(1+2α) ). If R 1 and R 2 are continuous, then we have, for 0 ≤ η < 1/2,
Theorem 2.3. Assume the conditions of Theorems 2.1 and 2.2 hold. Then for each 0 ≤ β < 3,
as n → ∞, and the limit is finite almost surely.
Remark 2.1. The case β = 0 is similar to the Cramér-von Mises test. Note that for β < 2, Theorem 2.3 easily follows from an unweighted approximation in Theorems 2.1 and 2.2. Therefore, the case β = 2 (and not, as usual, β = 1) is similar to the Anderson-Darling test.
Remark 2.2. Conditions 1 and 2 of [8] are rather involved. They require that the convergence in (1.6) hold uniformly over certain classes of sets. Moreover, they put an extra restriction on the growth of the sequence k(n), related to the rate of that convergence. The assumption that Λ has a density λ excludes, for example, asymptotic independence, that is, l(x, y) = x + y, for all x, y ≥ 0. Condition (2.5) is rather weak, but there are distributions for which (1.1) holds with asymptotic dependence, but where the rate of convergence is slower than t α for any α > 0. Remark 2.3. The random variable on the right in Theorem 2.3 has a continuous distribution function. This follows from a property of Gaussian measures on Banach spaces: the measure of a closed ball is a continuous function of its radius; see, for example, [13] , Chapter 4, Theorem 1.2.
, (2.6) remains true with x ∨ y replaced with l(x, y) or x + y, but, when choosing l(x, y), the left-hand side of (2.6) is not a statistic and l has to be estimated.
Proofs.
Before proving Theorem 2.1, we first present two lemmas and a proposition.
Lemma 3.1.
Proof. Since
x tan θΦ(dθ)
if y < x. In the case y ≥ x, via integration by parts, one has
In the case y < x, via integration by parts again, one has
converges in distribution to
Proof. Define
and for all 0 < x, y ≤ T , define the functions
All these f 's form the class F . We equip F with the semi-metric d defined by
and so on. For any ε > 0, the bracketing number N [] (ε, F) is the minimal number of sets N ε in a partition F = Nε j=1 F εj of the index set into sets F εj such that, for every partitioning set F εj ,
where, as usual, Z n,i (f ) = f dZ n,i and E * means taking the outer integral when computing the expectation.
We will use Theorem 2.11.9 in [17] : For each n, let Z n,1 , Z n,2 , . . . , Z n,n be independent stochastic processes with finite second moments indexed by a totally bounded semimetric space (F, d).
Then the sequence
) is asymptotically tight in ℓ ∞ (F) and converges weakly, provided the finite-dimensional distributions converge weakly.
We briefly sketch the total boundedness of (F, d). We only consider the subclass F 2 of F consisting of the bivariate f x,y 's; moreover, we restrict ourselves to the case x ≥ y, u ≥ v and x ≥ u, y ≥ v. For any δ > 0, assuming |x − u| ≤ δ and |y − v| ≤ δ, one has
we have
So, since 1 − 2η > 0, we see that, for every ε > 0, we can find a δ > 0 such that, for |x − u| ≤ δ and |y − v| ≤ δ, d 2 (f x,y , f u,v ) < ε. Hence, since [0, T ] 2 is totally bounded with respect to the Euclidean metric, we obtain the total boundedness of (F, d).
Observe that
and similarly for the marginal processes. First we have to show that, for every λ > 0,
as n → ∞. Again, we will restrict ourselves to the subclass F 2 . For the univariate f
x 's and f (2) y 's, it can be shown in a similar but easier way. Note that
Next, we want to prove
for every δ n ↓ 0. For notational convenience, we choose T = 1; for general T > 0, the proof goes the same. Let ε > 0 be small, define a = ε 3/(1−2η) and θ = 1 − ε 3 . We again consider only F 2 ; the univariate f 's are easier to handle. Define
Now we consider (3.4) for the F(l, m); w.l.o.g. we take l ≤ m:
It is easy to see that the number of elements of the "partition" of F 2 is bounded by ε −7 , which yields (3.6). Hence, we have proved the asymptotic tightness condition.
It remains to prove that the finite-dimensional distributions of our process converge weakly. This follows from the fact that multivariate weak convergence follows from weak convergence of linear combinations of the components and the univariate Lindeberg-Feller central limit theorem. It is easily seen that the Lindeberg condition is satisfied for these linear combinations since the elements of F are weighted indicators and, hence, bounded.
Proof. For m = 0, 1, 2, . . . , define
Then, with Z a standard normal random variable,
where the third inequality follows, for instance, from an adaptation of Lemma 1.2 in [12] and the last inequality from Mill's ratio. A symmetry argument completes the proof.
By Theorem 2 in [8] and Proposition 3.1 (and their proofs), it follows that
By the Skorohod construction, there exists now a probability space carryingΦ
and for 0 ≤ η < 1/2,
as n → ∞. Henceforth, we will work on this probability space, but drop the * from the notation.
Proof of Theorem 2.1. By Lemma 3.1,
First consider the case y ≥ x:
in probability as n → ∞. For the case y < x, the proof is similar.
Let Q 1n and Q 2n be the empirical quantile functions of the {U i } n i=1 and
Note that, by (1.10),
Proof of Theorem 2.2. It is easily seen thatl 2 (x, y) +R(x, y) = (⌈kx⌉ + ⌈ky⌉ − 2)/k ≤ ([kx] + [ky])/k, for each x, y ∈ (0, 1], almost surely.
So we have
We will show that D j → 0 in probability, j = 1, 2, 3. We have
where the last inequality holds with arbitrarily high probability. Then D 11 → 0 in probability because of (3.8) with T = 2. It is well known that
(see [16] , page 419). Hence, D 11 · D 12 → 0, in probability. Now consider, for each ε > 1/k,
By the (uniform) continuity of W R and the fact that sup 0<t≤k/n n k |Q jn (t) − t| → 0, a.s., j = 1, 2, (3.11) D 14 → 0 in probability a.s. for any ε > 0. Let δ > 0; by (3.10) and Lemma 3.2, we see that, for large n, P (D 15 ≥ δ) ≤ δ for ε > 0 small enough. Again, from Lemma 3.2, we have P (D 16 ≥ δ) ≤ δ. Hence, D 13 → 0 in probability and, consequently D 1 → 0, in probability.
Consider D 2 . Take (a, b) with a ∨ b = u. Then according to (2.5),
Now with arbitrarily high probability,
We have seen before that the second term of this product is O P (1). So it suffices to show that the first term is o (1):
by assumption. Hence, D 2 → 0 in probability. It remains to show that D 3 → 0 in probability. By two applications of the mean-value theorem, we obtain
with θ 1n between x and S 1n (x) and θ 2n between y and S 2n (y). So
We consider only the first term on the right-hand side of this expression; the second one can be dealt with similarly. Write z n (x) = √ k(S 1n (x) − x). From (3.9) with η = 0, it follows that sup 0<x≤1 |z n (x) + W 1 (x)| → 0 in probability. From this, it can be shown that, for 0 ≤ η < 1/2,
in probability (see, e.g., [7] ). Now
Since R 1 is continuous on [0, 2] 2 , it is uniformly continuous and bounded. This, together with (3.12), yields D 31 → 0 in probability. The uniform continuity of R 1 , together with (3.11) and the fact that sup 0<x≤1 |W 1 (x)|/x η < ∞ a.s., yields D 32 → 0 in probability and, consequently, D 3 → 0 in probability.
Finally, we show that
Observing that sup 0<x,y<1/kl2 (x, y) = 0 a.s., this follows easily. 
(A(x, y) + B(x, y)) 2 (x ∨ y) β dx dy.
Approximating the limit.
For testing purposes, we have to find the probability distribution of the limiting random variable in Theorem 2.3. This can be done by simulating the processes A and B, but unfortunately their distributions depend on the unknown measure Λ. Therefore, we generate approximations A n and B n , respectively, of the processes A and B, not with parameter Λ, but with approximated parameter Λ n . In this section we consider the convergence of the sequence of these approximated limiting random variables. Until further notice, we take {Λ n } n≥1 to be a sequence of deterministic measures.
and the process B n by
Based on the definition of Z in (2.1) and the homogeneity property of λ [i.e., λ(tx, ty) = 1 t λ(x, y)], we define the approximating process Z n by
where λ n is the approximation of λ defined by
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Finally, define the process A n by
First we consider the weak convergence of the weighted approximating processes. We write [11] .
Before proving this proposition, we present three corollaries. The last one is the main result of this section. 
Let Q Λn be the quantile function of the random variable on the left-hand side of (4.6) and Q Λ the quantile function of the random variable on the right-hand side of (4.6).
Corollary 4.2. Under the conditions of Proposition
Next, with abuse of notation, we estimate Λ n from the data, so it becomes random. In [8] , Λ n is defined as
where
The final and main corollary deals with the random measures Λ n , where the functions derived from Λ n , like λ n , are defined as before. In particular, we define Q Λn as the quantile function of the random variable on the lefthand side of (4.6), conditional on Λ n , so it is also random. Corollary 4.3. Let Λ n be as in ( 4.7) . Under the conditions of Theorem 2.3, we have, for each 0 ≤ β < 3 and each continuity point
as n → ∞.
For testing purposes, Corollary 4.3 shows that simulation of the limiting random variable in Theorem 2.3 with Λ replaced by the estimated Λ n is asymptotically correct. Now we turn to the proofs. In order to prove Proposition 4.1, by Prohorov's theorem, it is necessary and sufficient to prove the following:
For the relative compactness, we need several lemmas. These lemmas and their proofs can be found in a separate Appendix, posted at http://center.uvt.nl/staff/einmahl/AppEdHL.pdf, or in [10] , pages 81-87. These lemmas lead to the following results: Under the conditions of Proposition 4.1, for each 0 ≤ η < 1/2,
is relatively compact, and for each 0 ≤ η < 1,
is relatively compact.
Proof of Proposition 4.1. By these results,
is relatively compact. It is easy to check that the finite-dimensional distributions of our estimated processes in (4.8) converge to those of the limiting process, which completes the proof.
Proof of Corollary 4.1. After applying a Skorohod construction to the weak convergence statement of Proposition 4.1, the proof is similar to that of Theorem 2.3.
Proof of Corollary 4.2. Proposition 4.1 implies the weak convergence of the distribution function of the left-hand side of (4.6) to the distribution function of the right-hand side of (4.6). This property carries over to the inverse functions Q Λn and Q Λ .
Proof of Corollary 4.3. From another Skorohod construction, we obtain an a.s. version of the statement of Theorem 2.2; without changing the notation, we now work with this construction. Since, for 0 < x, y ≤ 1, 
We now show that (4.2), (4.3), (4.4) and (4.5) hold a.s. We already saw, below (4.7), that (4.2) holds a.s. and the a.s. version of (4.3) follows immediately from (4.9).
By (4.9) and (4.2), it easily follows that
as n → ∞, by (4.10) and the uniform continuity of λ on [−1, 2] × [ According to Corollary 4.2 we have Q Λn (1 − α) → Q Λ (1 − α) a.s., as n → ∞, hence, also in probability.
5. Simulation study and real data application. In this section we present a simulation study, making use of the results of Section 4. We will consider two distributions satisfying the domain of attraction condition and one that fails to satisfy it. At the end of the section we will apply our procedure to financial data.
Theoretically, we can choose any β ∈ [0, 3) in the test statistic in (1.12). We investigate the influence of β on the testing procedure by sampling from the bivariate Cauchy distribution. We choose β to be 0, 1 or 2.
Consider the bivariate Cauchy distribution restricted to the first quadrant, with density
x, y > 0. It readily follows that
This distribution satisfies the conditions of Theorem 2.3; in particular, (2.5) holds with α = 2 (see [8] , pages 1409-1410). First we present in Table 1 the quantiles of the limiting random variable 0<x,y≤1
We used 1,000,000 replications. With high probability, these quantiles are accurate up to 0.01. Now for sample size n = 2000, we simulated 2000 times the test statistic kL n , for various values of k. Using the 0.95th quantiles above, we find the simulated type-I error probabilities; see Table 2 . In this table also the empirical median and the empirical 0.95th quantile of the test statistics are shown. In the ideal situation the number of rejections is a binomial r.v. with parameters 2000 and 0.05. So the simulated type-I errors in Table 2 are remarkably close to 0.05. Only for k = 400 does bias seem to set in. Also, the empirical median and 0.95th quantile of the test statistics are very close to those of the limiting r.v. listed in Table 1 . Generally speaking, the influence of β on the quality of the results is very small for the Cauchy distribution. From Table 2 , we feel that β = 2 works slightly better than the others. Because of this and because we want to put additional emphasis on the extreme observations, from now on we take β = 2.
In practice, for a given dataset, we first calculate the test statistic kL n ; then we estimate the measure Λ n and simulate the 0.95th quantile of the estimated limiting r.v. using the approximation of Section 4. Finally, if the test statistic is not smaller than this 0.95th quantile, we reject the null hypothesis (1.8).
First we consider again the bivariate Cauchy distribution and take two samples of size n = 2000. The results are presented in Figure 1 . Note that the behavior of the test statistic and the estimated 0.95th quantile fluctuate with the sample fraction k, but that, for all k in the figure, the value iscorrectly-far below the estimated 0.95th quantile of the limiting random variable.
Next we generate 2000 independent pairs (U, 1 − V ), where (U, V ) has a Gumbel copula as distribution function, that is, the d.f. is given by C(u, v) = exp(−[(− log u) θ + (− log v) θ ] 1/θ ), θ ≥ 1;
we take θ = 10. It is easily checked that, for the d.f. of (U, 1 − V ), (1.1) holds and that we have asymptotic independence; see Remark 2.2. Since our results do not apply for the case of asymptotic independence, we only present the test statistic itself (Figure 2, left panel) . We see that, for k up to 200, the test statistic is very close to 0 (which strongly supports H 0 ) and that bias sets in for larger values of k. We also consider 2000 observations from a d.f. (which is also a copula), which does not satisfy condition (1.8). The distribution is an adaptation of a distribution in [15] : take a density of 3/2 on the following rectangles: [2 −(2m+1) , 2 −(2m) ] × [2 −(2r+1) , 2 −(2r) ], for m = 0, 1, 2, . . . and r = 0, 1, 2, . . .; in this way a probability mass of 2/3 is assigned. The remaining 1/3 is assigned by taking the uniform distribution on the line segments from (2 −(2m+2) , 2 −(2m+2) ) to (2 −(2m+1) , 2 −(2m+1) ), m = 0, 1, 2, . . . , such that the mass of the mth segment is equal to 2 −(2m+2) . In Figure 2 (right panel), we see, for varying k, the test statistic and simulated 0.95th quantile of the sample of size n = 2000 from this distribution. Again, the test statistic and the estimated 0.95th quantile fluctuate with k, but from a certain k on (and for most values of k), the null hypothesis is clearly rejected. Finally, we apply the test to real data, similarly as we just did for the simulated data sets in Figures 1 and 2 . The data are 3283 daily logarithmic equity returns over the period 1991-2003 for two Dutch banks, ING and ABN AMRO bank. The bivariate, heavy-tailed data are shown in Figure 3 on the left; on the right we see again the test statistic and the simulated 0.95th quantile. Since the test statistic is everywhere clearly below the quantile, we cannot reject the null hypothesis. This is a satisfactory result, because it allows us to analyze these data further, using the statistical theory of extremes.
